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1 Find the cartesian equation corresponding to the polar equationr = (√2) sec(θ − 1
4π). [3]

Sketch the the graph ofr = (√2) sec(θ − 1
4π), for−1

4π < θ < 3
4π, indicating clearly the polar coordinates

of the intersection with the initial line. [2]

2 The curveC has equationy = 2x
1
2 for 0 ≤ x ≤ 4. Find

(i) the mean value ofy with respect tox for 0 ≤ x ≤ 4, [3]

(ii) they-coordinate of the centroid of the region enclosed byC, the linex = 4 and thex-axis. [3]

3 Find the general solution of the differential equation

d2x

dt2
+ 4

dx
dt

+ 13x = 26t2 + 3t + 13. [6]

4 Let f(r) = r(r + 1)(r + 2). Show that

f(r) − f(r − 1) = 3r(r + 1). [1]

Hence show that
n

∑
r=1

r(r + 1) = 1
3n(n + 1)(n + 2). [2]

Using the standard result for
n

∑
r=1

r, deduce that
n

∑
r=1

r2 = 1
6n(n + 1)(2n + 1). [2]

Find the sum of the series

12 + 2× 22 + 32 + 2× 42 + 52 + 2× 62 + . . . + 2(n − 1)2 + n2,

wheren is odd. [3]

5 Let In denoteã
∞

0
xne−2x dx. Show thatIn = 1

2nIn−1, for n ≥ 1. [2]

Prove by mathematical induction that, for all positive integersn, In = n!

2n+1
. [6]

6 Use de Moivre’s theorem to show that

cos 4θ = 8 cos4θ − 8 cos2θ + 1. [3]

Without using a calculator, verify that cos 4θ = − cos 3θ for each of the valuesθ = 1
7π, 3

7π, 5
7π, π. [2]

Using the result cos 3θ = 4 cos3θ − 3 cosθ, show that the roots of the equation

8c4 + 4c3 − 8c2 − 3c + 1 = 0

are cos17π, cos3
7π, cos5

7π, −1. [2]

Deduce that cos17π + cos3
7π + cos5

7π = 1
2. [2]
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7 The curveC has equation

y = λx + x
x − 2

,

whereλ is a non-zero constant. Find the equations of the asymptotes ofC. [3]

Show thatC has no turning points ifλ < 0. [3]

SketchC in the caseλ = −1, stating the coordinates of the intersections with the axes. [3]

8 The curveC has parametric equations

x = 1
3t3 − ln t, y = 4

3t
3
2,

for 1 ≤ t ≤ 3. Find the arc length ofC. [6]

Find also the area of the surface generated whenC is rotated through 2π radians about thex-axis.
[4]

9 The planeΠ has equation

r = 2i+ 3j− k + λ(i − 2j+ 2k) + µ(3i+ j − 2k).
The linel, which does not lie inΠ, has equation

r = 3i+ 6j+ 12k+ t(8i+ 5j− 8k).
Show thatl is parallel toΠ. [4]

Find the position vector of the point at which the line with equationr = 5i − 4j + 7k + s(2i − j + k)
meetsΠ . [4]

Find the perpendicular distance from the point with position vector 9i+ 11j+ 2k to l. [4]

10 Write down the eigenvalues of the matrixA, where

A = 1 4 −16
0 2 3
0 0 3

 . [1]

Find corresponding eigenvectors. [4]

Let n be a positive integer. Write down a matrixP and a diagonal matrixD such that

An = PDP−1. [2]

Find P−1 andAn. [5]

Hence find lim
n→∞(3−nAn). [1]
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11 Answer onlyone of the following two alternatives.

EITHER

The roots of the equationx4 − 3x2 + 5x − 2 = 0 areα, β , γ , δ , andαn + βn + γ n + δ n is denoted bySn.
Show that

Sn+4 − 3Sn+2 + 5Sn+1 − 2Sn = 0. [2]
Find the values of

(i) S2 andS4, [3]

(ii) S3 andS5. [6]

Hence find the value of

α2(β3 + γ 3 + δ 3) + β2(γ 3 + δ 3 + α3) + γ 2(δ 3 + α3 + β3) + δ2(α3 + β3 + γ 3). [3]

OR

The linear transformation T :>4 → >3 is represented by the matrixM, where

M =  2 1 −1 4
3 4 6 1

−1 2 8 −7

.

The range space of T isR. In any order,

(i) show that the dimension ofR is 2,

(ii) find a basis forR and obtain a cartesian equation forR,

(iii) find a basis for the null space of T.
[9]

The vector(8
7
k
) belongs toR. Find the value ofk and, with this value ofk, find the general

solution of

Mx = (8
7
k
). [5]
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